Abstract: We compute the three-loop QCD corrections to the vertex function for the Yukawa coupling of a Higgs boson to a pair of bottom quarks in the limit of vanishing quark masses. This QCD form factor is a crucial ingredient to third-order QCD corrections for the production of Higgs bosons in bottom quark fusion, and for the fully differential decay rate of Higgs bosons to bottom quarks. The infrared pole structure of the form factors agrees with the prediction from infrared factorization in QCD.
Introduction
With the discovery of the Higgs boson at the CERN LHC [1] , the full Standard Model spectrum of matter particles and force carriers has been established successfully. To fully validate the mechanism of electroweak symmetry breaking, and to uncover potential deviations from its Standard Model realization, it is imperative to study the production mechanisms and decay channels of the Higgs boson to high precision. The interpretation of increasingly accurate experimental data from the upcoming run periods at the LHC demands equally precise theoretical predictions, requiring the inclusion of higher orders in the perturbative expansion for production and decay processes.
Currently, fully differential results are known for Higgs boson production in gluon fusion [2] , bottom quark annihilation [3] and associated production with vector bosons [4] to next-to-next-to-leading order (NNLO) in QCD. Vector boson fusion [5] and associated production with top quarks [6] are known to next-to-leading order (NLO). The inclusive decay rates of the Higgs boson have been derived to fourth order in QCD for the decay mode to hadrons [7] and to bottom quarks [8] . To study the dominant decay mode to bottom quarks, especially the associated production with vector bosons is of relevance, and a fully differential description of production and decay is demanded. The decay distributions to NNLO have been derived in Ref. [9] , and a combined description with the associated production at NNLO was obtained recently [10] .
In the Standard Model, the dominant Higgs boson production process is gluon fusion, while bottom quark annihilation contributes to the total production only at the per-cent level. In extensions of the Standard Model with an enlarged spectrum in the Higgs sector, the coupling of some of the Higgs bosons to bottom quarks can be enhanced, such that bottom quark annihilation could become their dominant production process. Bottom quark annihilation is moreover of conceptual interest since it allows to study different prescriptions for the treatment of bottom-quark induced processes at hadron colliders. In the fixed flavor number scheme (FFNS), bottom quarks are produced only from gluon splitting, introducing potentially large logarithmic corrections at each order. These initial-state splittings are resummed into bottom quark parton distributions in the variable flavor number scheme (VFNS). To the same order in the strong coupling constant, the leading order process in the FFNS corresponds to NNLO in the VFNS. Higgs production from bottom quark annihilation is known to NLO in the FFNS [11] and to NNLO in the VFNS [3, 12, 13] . Using the NLO calculation of Higgs-plus-jet production in bottom quark annihilation [14] , the Higgs production with a jet veto was also derived to NNLO [15] . Most calculations are carried out in the limit of vanishing bottom quark mass, which is justified by the large mass hierarchy between the bottom quark and the Higgs boson.
The calculation of perturbative higher order QCD corrections requires the derivation of virtual loop corrections to the relevant matrix elements. In the case of Higgs production and decay involving bottom quarks, the form factor describing the Yukawa coupling of the Higgs boson to bottom quarks is the crucial ingredient. Corrections up to two loops were derived for this form factor for massless bottom quarks [3, 12, 16] and also including the full mass dependence [17] . The pole structure of the massless form factor at three loops can be predicted [16] from factorization properties of QCD amplitudes [18] [19] [20] [21] [22] . Two-loop corrections to the Higgs decay amplitude describing the decay to a pair of bottom quarks and a gluon were also derived [23] in massless QCD. It is the aim of the present paper to derive the three-loop QCD corrections to the Hbb form factor, working in the limit of vanishing b-quark mass. This form factor enters the N 3 LO corrections to the Higgs production cross section from bottom quark annihilation and the differential description of Higgs decays to bottom quarks at this order. Both types of applications require a substantial extension of current technical methods in order to perform calculations of collider observables to N 3 LO. First steps in this direction have been taken recently [24] , cumulating in the calculation of the N 3 LO threshold contribution to Higgs production in gluon fusion [25] . Exploiting universal QCD factorization properties at threshold [26, 27] , the result of Ref. [25] can be combined with the form factor derived here to obtain the N 3 LO threshold contribution to Higgs production in bottom quark annihilation. This paper is structured as follows: in Section 2 we define the Hbb form factor, discuss its renormalization and summarize results at one and two loops. The calculation of the three-loop form factor proceeds along the lines of the calculations of the three-loop QCD corrections to the vector and scalar form factors [28, 29] and is described in Section 3. The results are presented in Section 4 and the infrared pole structure is analyzed in Section 5. We conclude with an outlook in Section 6.
Hbb form factor in perturbative QCD
In general, form factors are scalar functions which couple an external off-shell current with four-momentum q 2 = s 12 to a pair of partons with on-shell momenta p 1 and p 2 . They are computed by contracting the respective basic vertex functions with projectors. In the Hbb case, the unrenormalized form factor F is obtained from a scalar vertex function Γ according to
where p i / = p i,µ γ µ . Note that the vertex function is evaluated in dimensional regularization with D = 4 − 2ǫ dimensions. It is described by a single form factor only in the case of massless partons. In fact, we consider a Higgs boson coupling to the bottom quarks via an unrenormalized Yukawa coupling y b ,
with the Standard Model Higgs vacuum expectation value v = ( √ 2G F ) −1/2 , Fermi's constant G F and the bare mass m b of the bottom quark. However, we treat the bottom mass as independent of the Yukawa coupling and suppose it to be massless in the calculation of matrix elements. This is justified by the fact that the Higgs boson is much heavier than the bottom quark.
Evaluating the Feynman diagrams contributing to the vertex function in perturbative QCD at a given loop order yields the unrenormalized form factor as an expansion in powers of the coupling constant. With the mass parameter µ 2 0 , which is introduced in dimensional regularization to maintain a dimensionless coupling in the bare Lagrangian density, and the definition
with the Euler constant γ = 0.5772 . . . , (2.3) this expansion can be written as
Each power of the coupling constant corresponds to a virtual loop, i.e. Eq. (2.1) is normalized in such a way that the tree-level form factor is equal to unity. The ultraviolet (UV) renormalization of the form factor requires two ingredients: First, the bare coupling α b s is replaced with the renormalized coupling α s ≡ α s (µ 2 ), which is evaluated at the renormalization scale µ 2 :
For the sake of clarity, we set µ 2 = |s 12 | throughout so that the renormalization constant of the strong coupling in the MS scheme [30] reads
β 0 , β 1 and β 2 are the first three coefficients of the QCD beta function expanded in powers of the coupling constant:
They are given by [31] [32] [33] 
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with the number of quark colors N , the number of active quark flavors N F and the SU (N ) Casimirs
Second, the renormalization of the Yukawa coupling is carried out by replacing the bare coupling y b with the renormalized coupling y ≡ y(µ 2 ) according to
Z y is identical to the quark mass renormalization constant of QCD in the MS scheme [12] . It can be evaluated to three loops with the help of the relation
from the quark mass anomalous dimension
which is given in Ref. [34] . This results in
The renormalized form factor F is defined as follows:
In order to derive the i-loop contributions F i to the renormalized form factor from the unrenormalized coefficients F i , two possible configurations have to be distinguished: The partons can be both either in the initial or in the final state (s 12 > 0, time-like) or one parton can be in the initial and one in the final state (s 12 < 0, space-like). We will indicate the results for the renormalized form factors in the time-like case, which corresponds to the Higgs decay into bottom quarks or to the bb annihilation process into a Higgs boson. In this case, the renormalized form factor acquires imaginary parts from the ǫ-expansion of
Up to three loops, the renormalized coefficients for the Hbb form factor are then obtained as
The one-and two-loop relations agree with those in Ref. [23] .
Results at one loop
We define 19) where
corresponds to the normalization of the one-loop bubble integral B 2,1 . With this, the unrenormalized one-loop form factor can be written as
The exact result for the one-loop bubble integral is indicated in Ref. [35] under the name A 2,LO , i.e. Eq. (2.21) can be understood as an all-order expression. The ǫ-expansion of B 2,1 can be found in Appendix A of Ref. [29] . Inserting this expansion and keeping terms through to O(ǫ 4 ), we obtain By renormalizing this result as described in Eq. (2.18), we find that the one-loop form factor agrees with the ǫ-expansion of Eq. (3.2) in Ref. [9] .
Results at two loops
Written in terms of the two-loop master integrals specified in Appendix A of Ref. [29] , the unrenormalized two-loop form factor is given by
As in the one-loop case, the all-order result is obtained by replacing B 4,2 , B 3,1 , C 4,1 and C 6,2 with A 2 2,LO , A 3 , A 4 and A 6 from Ref. [35] , respectively. Inserting the expansion of the two-loop master integrals and keeping terms through to O(ǫ 2 ) yields After renormalization, we find full agreement with Eq. (3.6) of Ref. [9] through to O(ǫ 0 ) and provide the next two terms in the expansion.
Calculation of the three-loop form factors
As any multi-loop computation, the calculation of the Hbb three-loop form factor can be separated into multiple steps: Initially, one calculates the matrix elements in terms of three-loop integrals. Next, the algebraic reduction of all three-loop integrals appearing in the relevant Feynman diagrams is performed. Eventually, one computes the remaining master integrals. Let us elaborate on these three steps.
In order to determine the three-loop vertex function, we use Qgraf [36] to generate the 244 Feynman diagrams contributing to the Hbb form factor at three loops. Every diagram is then contracted with the projector of Eq. (2.1) and can be expressed as a linear combination of many scalar three-loop Feynman integrals with up to nine different propagators. The integrands depend on the three loop momenta and on the two on-shell external momenta, leading to twelve different combinations of scalar products involving loop momenta. Hence, we are left with irreducible scalar products in the numerator since they do not cancel against all linear independent combinations of denominators.
Using relations between different integrals based on integration-by-parts [37] and Lorentz invariance [38] , the large number of integrals can be expressed in terms of a small number of master integrals. These identities yield large linear systems of equations, which are solved in an iterative manner using lexicographic ordering as suggested by the Laporta algorithm [39] . From the available implementations of the Laporta algorithm [39] [40] [41] [42] [43] , we apply the C++ package Reduze [42, 43] to carry out the reduction. For this purpose, we define so-called auxiliary topologies, each of which is a set of twelve linearly independent propagators.
After the reduction, we are left with 22 master integrals. All of them were computed analytically in the past [44] [45] [46] [47] and are summarized in detail in Ref. [29] so that they will not be reproduced here.
Three-loop form factors
The unrenormalized three-loop form factor can be decomposed into the following color structures:
It should be noted that, in contrast to the quark form factor for a photonic coupling [28, 29] , no contribution from the Higgs boson coupling to closed quark loops appears at three loops in massless QCD. This contribution requires a helicity flip on both the internal and external quark lines, and is consequently mass-suppressed. After the reduction of the integrals appearing in the Feynman diagrams, the coefficients X i of the color structures include linear combinations of master integrals. These coefficients are somewhat lengthy and will not be presented here. Inserting the expansion of the three-loop master integrals and keeping terms through to O(ǫ 0 ), we find that the unrenormalized three-loop coefficients are given by 
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The UV renormalization of the Hbb form factor has been derived in Section 2. Applying Eq. (2.18) yields the expansion coefficients of the renormalized form factors. In the time-like kinematics, the real part reads For the sake of completeness, let us state that the imaginary part of the UV renormalized three-loop form factor is given by It should be stressed that for every color structure of Eq. (4.1), the coefficients of the leading poles in ǫ agree with the ones of the γ *form factor of Ref. [29] , as expected.
Infrared pole structure
A more powerful check consists in analyzing the complete infrared pole structure of our three-loop results.
As outlined in Refs. [18] [19] [20] [21] [22] , it can be predicted from infrared factorization properties of QCD. Accordingly, the infrared pole structure of the renormalized Hbb form factors F 1 , F 2 and F 3 can be derived from the same formulae as for the γ *form factor in Ref. [29] . They read
These equations require knowing the coefficients γ cusp i of the cusp soft anomalous dimension up to three loops [20] : Moreover, γ q i denotes the coefficients of the quark collinear anomalous dimension. To three-loop order, they are given by [48, 49] : The deepest infrared pole for the i-loop form factor F i is proportional to ǫ −2i . Due to the last term of Eq. (5.3), we thus need to include the renormalized form factors F 1 through to O(ǫ 3 ) and F 2 through to O(ǫ), both stated in Section 2 above. In doing so, we succeed in reproducing the infrared poles of the renormalized form factor up to three loops.
Conclusions
In this paper, we have derived the three-loop QCD corrections to the form factor describing the Yukawa coupling of a Higgs boson to a pair of bottom quarks. We neglect the bottom quark mass in internal propagators and external states, which is justified by the large mass hierarchy between the Higgs boson and the bottom quark. The pole structure of our result is in agreement with the prediction of infrared factorization formulae [18] [19] [20] [21] [22] .
Our results can be applied to derive the third-order QCD corrections to Higgs boson production from bottom quark fusion and to the fully differential description of Higgs boson decays into bottom quarks. Besides the three-loop corrections derived here, these reactions also require two-loop corrections to the matrix element for Hbbg, derived recently in Ref. [23] and higher multiplicity tree-level and one-loop matrix elements that can by now be derived using standard methods. The integration of all subprocess contributions over the relevant phase spaces is far from trivial, and methods are currently under intensive development [24] .
A more imminent application is the N 3 LO soft-virtual threshold approximation to Higgs boson production in bottom quark fusion, using the recently derived result for Higgs boson production in gluon fusion to this order [25] , combined with universal factorization properties [26, 27] .
